Abstract. We study several families of semisimple Hopf algebras, arising as bismash products, which are constructed from finite groups with a certain specified factorization. First we associate a bismash product Hq of dimension q(q − 1)(q + 1) to each of the finite groups P GL 2 (q) and show that these Hq do not have the structure (as algebras) of group algebras (except when q = 2, 3). As a corollary, all Hopf algebras constructed from them by a comultiplication twist also have this property and are thus non-trivial. We also show that bismash products constructed from Frobenius groups do have the structure (as algebras) of group algebras.
Introduction
We first consider arbitrary finite-dimensional semisimple Hopf algebras over an algebraically closed field k of characteristic zero. One may consult [4] as a reference for Hopf algebra notation and terminology. Until recently, the only known way of constructing such Hopf algebras was to take a bicrossed product H = k L # τ σ kF where L and F are finite groups with a matched pair structure, followed possibly by a comultiplication twist i.e., by conjugating the comultiplication map ∆ H by some element Ω ∈ H ⊗ H. Hopf algebras obtained in this way are called grouptheoretical. (Construction of a non group-theoretical example was recently achieved in [6] .) In the special case that H is a bismash product (i.e., with trivial cocycles τ , σ), it is shown in [3] how to completely determine its simple module dimensions (and thus the isomorphism class of its algebra structure, since it is semisimple) using certain actions of L and F on each other, although the algebra structure of bismash products was previously described in [7] . Hopf algebras H ′ obtained from such a H by a comultiplication twist certainly have the same algebra structure as H. Hence, information obtained about the algebra structure of H applies also to this wider class of examples. It was shown in [1] that an infinite family of bismash products constructed via factorizations of symmetric groups do not have the structure, as algebras, of group algebras. In the present paper we prove a similar result corresponding to factorizations of P GL 2 (q). In particular, we consider the factorization P GL 2 (q) = CS where C ∩ S = 1 for any Singer cycle C and stabilizer S of a point on the projective line, and set H q = k C #kS. Note that dimH q = |P GL 2 (q)| = q(q − 1)(q + 1). Our main result is as follows.
Theorem A. (Theorem 4.1) Let q = p h be a prime power with h ≥ 1. Then the algebra structure of H q is not isomorphic to a group algebra except when q = 2 or 3. , and then use character theory to show that they do not correspond to the irreducible character degrees of any finite group. The exceptions q = 2 and q = 3 correspond to the group algebras of the symmetric groups S 3 and S 4 respectively.
Bismash products and their representations
Let G be a finite group with subgroups L and F . We call the triple (G, L, F ) a factorized group if L ∩ F = 1 and G = LF . (The order in which the subgroups appear will turn out to be important.) Adopting the notation of [1] , we define group actions as follows.
determined by the rule
The bismash product k L #kF associated with the factorized group (G, L, F ) is the Hopf algebra with underlying vector space k L ⊗ kF (we use # instead of ⊗ to emphasize that the Hopf algebra structure is constructed differently from the usual tensor product), endowed with multiplication
and unit u(α) = l∈L (l#α).
The algebra structure of (k L #kF ) * = k F #kL then dualizes to give a comultiplication
We also have a counit ε(l#f ) = δ l,1 and antipode
In some of the literature bismash products are defined using matched pairs of groups, but it is an elementary fact (see, eg, [2] ) that there is a bijection between these two classes of objects which respects the bismash product construction.
The following fact is crucial.
This can be proved using a version of Maschke's theorem for Hopf algebras. Next, we describe how to calculate the dimensions of the simple modules of a bismash product, which, by the above, completely determines its k-algebra structure. This will provide us with a means of attacking the question of whether this structure is the same as some group algebra. For this we will need the following, which is essentially Corollary 3.5 of [3] . 
Note that we use the right action of F on L here. The other action is not needed.
3.
A family of Bismash products associated with P GL 2 (q)
Let q = p h , where p is prime and h ≥ 1. If H is subgroup of some general linear group then we shall denote its natural image in the corresponding projective general linear group by H/∼. We now describe an infinite family of semisimple Hopf algebras, denoted by H q , associated with P GL 2 (q), including their simple module dimensions.
It is well known that GL n (q) always contains cyclic subgroups of order q n − 1. These, and their images in P GL n (q) (which have order (q n − 1)/(q − 1)), are called Singer cycles. See [8] , page 187 onwards, for more details. Let C ≤ P GL n (q) be a Singer cycle. Then C acts regularly on the points of the projective space P n−1 (q). It follows that P GL n (q) = CS with S ∩ C = 1, where S is a point stabilizer of the natural action of P GL n (q) on P n−1 (q). We can thus consider the associated bismash product k C #kS, whose structure is completely determined by the factorized group (P GL 2 (q), C, S), as explained previously. (Note that this construction is independent of the choice of Singer cycle and/or point stabilizer. Indeed the Singer cycles comprise a complete set of conjugate subgroups, as do the point stabilizers. Replacing a factor by a conjugate in a factorized group gives rise to an isomorphic bismash product.)
We now calculate the dimensions of the simple modules of the bismash product H q = k C #kS associated with P GL 2 (q). Let
be a primitive polynomial of degree 2 over F q , and let
One can check (by diagonalizing in GL n (q n ) for instance) that x is indeed a Singer cycle. Then C = x /∼ = x is a Singer cycle in P GL 2 (q). Together with the stabilizer S of the point [1 : 0] T ,
we have a factorized group (P GL n (q), C, S) from which we can construct the bismash product k C #kS. Recall that in order to calculate the dimensions of the simple modules we must consider the right action defined by the rule cs = s ′ c [s] , for some s ′ ∈ S. First we determine the orbits. Clearly 1 is an orbit on its own. The following completes the picture. 
In particular, the action of S on C # is transitive.
Next we must determine the character degrees of point stabilizers corresponding to these orbits.
Lemma 3.2. The irreducible character degrees of Stab
Proof. This follows from the fact that S is a Frobenius group with Frobenius kernel
and Frobenius complement
Proof. First we make the observation that the action of S on C is isomorphic to its natural action on the projective line. A sufficient condition for this is that S only has one conjugacy class of subgroups of order q − 1. One may check this by hand or note that any subgroup of this order is a complement to K, and that by the Schur-Zassenhaus theorem any two complements of a normal Hall subgroup are conjugate.
The above yields the following. 
Proof of the main result
In this section we prove Theorem A from the introduction.
Theorem 4.1. Let q = p h be a prime power with h ≥ 1. Then the algebra structure of H q is not isomorphic to a group algebra except when q = 2 or 3.
In order to prove this, we shall initially assume that there does exist a group (of order q(q − 1)(q + 1)) whose group algebra is isomorphic to H q , and prove a series of lemmas leading to a contradiction. Clearly, by Theorem 3.4, such a group would have irreducible character degrees (4) 1, . . . , 1
, and so we use character theory to show that this can not be the case. For a contradiction, we shall assume for the rest of this chapter that G denotes a group with these irreducible character degrees, unless stated otherwise. The following lemma will be used several times. , q − 1.
Moreover, (G/N )
′ is an elementary abelian p-group.
Proof. Let G be a group with character degrees (4), such that N is a normal subgroup with G/N nonabelian. Suppose that G/N has no irreducible character of degree q − 1. It must, then, have a character of degree q since it is nonabelian. Then we have that r + sq 2 = |G/N | ≡ 0 mod q, where 1 < r ≤ q − 1 is the number of linear characters, and s ≤ q − 1 is the number of irreducible characters of degree q. This is impossible, and so we conclude that there must be at least one irreducible character of degree q − 1.
If there is no irreducible character of degree q, then we have
which forces r = q − 1. We claim that this is the only valid possibility. If there is an irreducible character of degree q, then
which also forces r = q − 1. But then
which implies s = q − 1, and hence N = 1. Note that G/N is soluble, since its derived group is a p-group, due to the number of linear characters in (5) . Clearly N is maximal such that G/N is nonabelian. Finally, note that (G/N ) ′ is a minimal normal subgroup of G/N , since it is contained in every non-identity normal subgroup of G/N . (In fact, this means that it is the unique minimal normal subgroup, although we do not need this fact.) Indeed, let us consider an arbitrary one, K/N , where N < K. (G/N ) ′ ⊆ G/N is equivalent to (G/N )/(K/N ) ∼ = G/K being abelian, which must be the case, by the maximality of N .
Let G be an arbitrary finite group, with H ≤ G. If χ denotes a character of G, then we denote the restricted character on H by χ ↓ H . We will need to make use of the following well-known result several times. (See, e.g., [9] .) Clifford's Theorem. Let G be a group with N ⊳ G, and let χ be an irreducible character of G. Then
where the ξ i are distinct irreducible characters of N of the same degree, and e and r both divide [G : N ].
The following result, due to I. M. Isaacs (Theorem 12.15 of [10] ), implies that any group with character degrees (4) must be soluble with derived length three. The proof is fairly lengthy in that it employs several other special results from that text, but it can in fact be proved more directly in the case of (4) by exploiting the fact that the two non-trivial character degrees are coprime. Furthermore, G ′′ is abelian of order q + 1.
Proof. Let χ be an irreducible character of G of degree q. Then, by Clifford's theorem
for some e, r, ξ i . Moreover, e and r both divide χ(1) = q and [G :
Note that the restrictions of the characters of degree q from G to G ′ must all agree because if G ′ had more than one distinct irreducible character of degree q, then |G ′ | ≥ 2q 2 , which is impossible since |G ′ | = q(q + 1) by considering the number of linear characters of G. Next, let Φ be the irreducible character of G of degree q − 1. Again, Clifford's theorem implies
Indeed, first note that by Lemma 4.4, sd 2 ≤ [G :
Finally, letting η denote the principal character of G ′ , , q − 1.
Furthermore, G ′′ is a minimal normal subgroup of G. In particular, it is an elementary abelian p-group.
Proof. The character degrees follow from Lemma 4.2. Let N be a normal subgroup of G such that 1 = N ≤ G ′′ . Then G/N must be nonabelian; hence G ′′ = N by Lemma 4.2, since the order of such a quotient is fixed.
We now prove the main result for q even. 
Proof. Consider the conjugation map
We start off by showing that ker γ = G ′′ , thus exhibiting a faithful representation of G/G ′′ , since Aut(G ′′ ) ∼ = GL n (p) for some integer n and primep, such that p n = q + 1 by virtue of Lemmas 4.5 and 4.6. Let K = ker γ. First, we claim that G/K cannot be abelian. Indeed, if it was, then G ′ ≤ K, which would mean that the conjugation action of G ′ on G ′′ fixes each element of G ′′ . The number of conjugacy classes of G ′ would then have to be strictly greater than |G ′′ | = q +1. But the number of conjugacy classes of G ′ is equal to the number of irreducible characters of G ′ , which we know to be q + 1 by Lemma 4.5. To see that K = G ′′ , note that
so the irreducible characters of G/K correspond to those of G/G ′′ which have K/G ′′ in their kernel. It follows that since G/K is nonabelian, it must have a non-linear irreducible character of degree q − 1, hence q − 1 divides |G/K|. Also |G/K| ≥ (q−1) 2 +1 by considering |G/K| as the sum of the squares of its irreducible character degrees. It follows that |G/K| = q(q − 1). But, since G ′′ is abelian,
and providedp does not divide |G/G ′′ | = q(q − 1), the character degrees over Fp are the same as those over k. Butp n = q + 1, which meansp does not divide q(q − 1).
Let Φ be the character of γ, which is faithful because γ is faithful. Then every irreducible character of G/G ′′ is a constituent of Φ t for some t (we mentioned this fact in the proof of Proposition 4.3). If Φ was a sum of linear characters only, then so would each power of it; thus the degree-(q − 1) irreducible character would never show up, which is a contradiction. It follows that the degree-(q − 1) irreducible character is a constituent of Φ; thus n ≥ q − 1. But this is impossible since then q + 1 =p n ≥p q−1 , while q ≥ 4.
Note that the symmetric group S 3 has character degrees 1, 1, 2 which corresponds to the case q = p = 2. We now deal with q odd. 
Proof. By Lemmas 4.6 and 4.5, G
′′ is elementary abelian of order q + 1. Since p is odd, it follows that p h + 1 = 2 n . We claim that this forces h = 1. First of all, h must be odd. Indeed, if it were even, then p h would be a square and hence p h ≡ 1 mod 4, thus 2 n ≡ 2 mod 4. But then n = 1, which is impossible. To see that h = 1 write
The factor on the right comprises an odd number of odd summands and is therefore odd. It divides 2 n though, and so must be equal to 1. It follows that h = 1. This leaves us with the case q = p = 2 n − 1, i.e., a Mersenne prime, which we deal with in a different manner. We can identify G/G ′′ with a subgroup of GL n (2) by the proof of Proposition 4.7. Since (G/G ′′ ) ′ = G ′ /G ′′ has order p = 2 n − 1, it corresponds to a Singer cycle in GL n (2). In particular, the normalizer of a Singer cycle in GL n (2) contains G/G ′′ , and thus has order at least p(p − 1). We will now prove that this is a contradiction.
. By diagonalizing a generator we can embed G into G 2 such that S = y , where
for some primitive element ξ ∈ F 2 n . (The natural embedding followed by conjugation by a suitable element of G 2 .) Now suppose that n ∈ N G2 (S). Note that this is equivalent to ny k n −1 ∈ y for all k, which is equivalent to nyn −1 ∈ y . So in order to describe N G2 (S) it is sufficient to describe those n = (n ij ) ∈ G 2 such that ny = y t n for some t. Note the identities
Assume these agree for some fixed t. If n ij is non-zero, then ξ r j−1 = ξ tr i−1 which forces t = r j−i . So s = i − j is fixed for the non-zero entries of n. Conversely, any matrix, n, which has non-zero entries precisely in the (ij) th positions, where i − j = s will do the trick. Now let us vary t. We see that t must be a power of r, but that we are free to vary it subject to this restriction, and in so doing we vary s. It follows that N G2 (S) consists of all elements of the form 
which is a contradiction. (In fact it is known that, in general, the normalizer of a Singer cycle S is of the form S ⋊ Z n .) Finally, recall that the symmetric group S 4 has character degrees 1, 1, 2, 3, 3 which corresponds to the case q = p = 3. 
Some bismash products that are group algebras
Given a factorized group G = LF with L ∩ F = 1, there are clearly two (in general, distinct) ways of creating a bismash product, depending on the order in which one takes the factors. (In fact, they are dual to one another.) Fix H = k L #kF . We consider the algebra structure of H first in the case when F is normal, and then in the case where G is a Frobenius group with Frobenius kernel L. (A good reference for Frobenius groups is [11] . The definition appears on page 37, while the results of Chapter 10 give enough background for the material in this article, as well as other characterizations of Frobenius groups.) In particular, we show explicitly that it does have the structure of a group algebra in each of these cases. The following elementary lemma shows what happens if F is normal.
Lemma 5.1. Let (G, H, N ) be a factorized group with G = N ⋊ H. Then the bismash product k H #kN is isomorphic (as a k-algebra) to the group algebra k(Z |H| ×N ).
Proof. Consider the right action of N on H, which determines the module structure of k H #kN . Recall that this is given by n : h → h [n] , defined by the rule hn = n ′ h
[n]
for some n ′ ∈ N . Since N ⊳ G, we must have h [n] = h for all n ∈ N , h ∈ H. It follows that each point in H is an orbit and each point stabilizer in N is the whole of N . It follows from the above that the dimensions of the simple modules of k H #kN consist of |H| copies of the irreducible character degrees of N . The irreducible character degrees of Z |H| × N agree with this.
We now consider what happens if the normal factor forms the underlying set for the action. Let (G, N, H) be a factorized group with G = N ⋊ H and consider the k-algebra structure of k N #kH. This is determined by the action h :
and so this is just the conjugation action of H on N . So, for a semidirect product G = N ⋊ ϕ H, the associated homomorphism ϕ : H → AutN which determines the group structure of G, given N and H, is precisely the map which determines the k-algebra structure of the bismash product k N #kH. (In essence, the advantage we have over arbitrary bismash products is that the image of this map is contained in AutN , rather than SymN .) It should be possible, therefore, to make general statements about such bismash products by considering certain classes of semidirect products. One such class is where ϕ is an injection onto a fixed-point-free subgroup of AutN , i.e., one where only the identity element of H fixes a point other than 1 ∈ N . This is one characterization of a Frobenius group. 
and let
Then the bismash product k N #kH is isomorphic (as a k-algebra) to the group algebra of a semidirect product N * ⋊ H, which is also a Frobenius group, with Frobenius kernel N * .
Proof. First of all let us calculate the dimensions of the simple modules of k N #kH. By the remark above, the right action of H on N which determines the module structure of k N #kH is given by the map ϕ : H → AutN associated with the semidirect product N ⋊ ϕ H. As always, 1 is an orbit. It follows that 1 ∈ H is the only element that fixes a point in N # = N − 1, and so all point-stabilizers of elements of N # are trivial. So for any x ∈ N # , we have |x H | = |H x ||x H | = |H|. Thus, the dimensions of the simple modules of k N #kH are just the irreducible character degrees of H, together with |H|, . . . , |H| r for some r ≥ 1. Now let us consider the irreducible character degrees of G. They comprise the character degrees of H together with the degrees of the non-principal characters induced from N to G. It is obvious then that if N is abelian, the irreducible character degrees of G will match the dimensions of the simple modules of k N #kH. But this will certainly not be the case if N is not abelian. What we would like to do is to swap N with an abelian group N * , of the same order, which shares some properties with N such that we can define a new homomorphism ϕ * : H ֒→ AutN * whose image is fixed-point-free. Then N * ⋊ ϕ * H would have the desired irreducible character degrees.
We claim that N * , as in (6), is suitable. We shall prove this in several stages. First, note that if f is fixed-point-free on N , then it must be fixed-point-free on any characteristic subgroup of N . Now recall that each term in the lower central series is a characteristic subgroup. It follows that there is a natural automorphism induced on each of the factors γ i (N )/γ i+1 (N ); moreover it is also fixed-point-free. It is straightforward to extend this to the direct product (6) . Finally, to see that N * is abelian, note that each γ i (N )/γ i+1 (N ) is a subgroup of Z(N/γ i+1 (N )).
Remark 5.3. It is well-known (see [4] ) that a finite-dimensional semisimple Hopf algebra over k is a group Hopf algebra if, and only if, it is cocommutative. By considering the comultiplication on a bismash product H = k L #kF (see page 2) we therefore see that H is a group Hopf algebra if, and only if, L is an abelian normal subgroup of G. Being a group Hopf algebra certainly implies that the underlying algebra structure is that of a group algebra, hence this is another sufficient condition for a bismash product to be isomorphic, as an algebra, to a group algebra.
